Many attempts to solve the Hubble tension with extended cosmological models combine an enhanced relic radiation density, acting at the level of background cosmology, with new physical ingredients affecting the evolution of cosmological perturbations. Several authors have pointed out the ability of combined Baryon Acoustic Oscillation (BAO) and Big Bang Nucleosynthesis (BBN) data to probe the background cosmological history independently of both CMB maps and supernovae data. Using state-of-the-art assumptions on BBN, we confirm that combined BAO, deuterium, and helium data are in tension with the SH0ES measurements under the ΛCDM assumption at the 3.2σ level, while being in close agreement with the CMB value. We subsequently show that floating the radiation density parameter N eff only reduces the tension down to the 2.6σ level. This conclusion, totally independent of any CMB data, shows that a high N eff accounting for extra relics (either free-streaming or self-interacting) does not provide an obvious solution to the crisis, not even at the level of background cosmology. To circumvent this strong bound, (i) the extra radiation has to be generated after BBN to avoid helium bounds, and (ii) additional ingredients have to be invoked at the level of perturbations to reconcile this extra radiation with CMB and LSS data.
Introduction
Tensions in cosmological data. CMB data from the Planck satellite [1] offer a very consistent picture of the cosmological model, with internal consistency between the parameters extracted from the four independent spectra C T T , C T E , C EE , C φφ . Furthermore, there is excellent agreement with other CMB observations, with measurements of the Baryon Acoustic Oscillation (BAO) scale, with the abundance of primordial elements produced by Big Bang Nucleosynthesis (BBN), with high-redshift supernovae probing the acceleration of the Universe expansion, with the overall shape of the galaxy power spectrum, and with the measurement of redshift space distortions in galaxy surveys. However, the Planck best-fit model is in strong 4.4σ tension with direct measurements of the current expansion rate H 0 obtained by the SH0ES collaboration using nearby supernovae calibrated to Cepheids [2] , and in mild tension with other H 0 measurements based on quasar time delays [3] (while nearby supernovae calibrated through the Tip of the Red Giant Branch currently agree with both Planck and SH0ES values [4] ). A mild tension is also reported with most cosmic shear surveys and cluster count experiments regarding the value of the parameter σ 8 (see e.g. [5] and references therein). These tensions are often described as an inconsistency between probes of the early universe and of the late universe, but this is somewhat oversimplified, since both CMB and BAO data mix information coming from the early and late cosmological evolution in a subtle way (these two types of information can be disentangled with dedicated approaches [6] [7] [8] , but at the cost of losing constraining power).
Interestingly, these tensions appear in the determination of two parameters, H 0 and σ 8 , that are probed by CMB data in a very indirect -and thus model-dependent -way. Extended cosmological models can provide as good a fit to CMB data as the minimal ΛCDM model, while still leading to different predictions for H 0 and σ 8 . Therefore, there is some hope that the apparent tensions result from assuming the wrong cosmological model, and many cosmologists are investigating scenarios that could reconcile all data sets. In practice, this turns out to be difficult, as simple extensions of ΛCDM fail to restore agreement. The Hubble tension -and potentially also the σ 8 tension -are only reduced with rather nontrivial assumptions, like self-interacting active neutrinos plus extra radiation [9] [10] [11] , a light sterile neutrino interacting with a scalar field [12] , Dark Matter and Dark Radiation particles belonging to the same Dark Sector and interacting with each other [13] [14] [15] , Dark Matter converting into Dark Radiation [16] , Dark Radiation from PBH [17] , early Dark Energy [18] , Dark Matter interacting with Dark Energy ( [19] and references therein), and many others. Many of the models quoted here ( [11] [12] [13] [14] [15] [16] [17] plus one sub-case of [18] ) share a common ingredient: an enhanced radiation density, at least until the time of photon-baryon decoupling. We will come back to this aspect which is related to the main point of this work.
The BAO+BBN probe. Since the debate on the Hubble tension is often presented as a direct confrontation between CMB data and direct H 0 measurements, it is interesting to devise independent approaches providing estimates of H 0 . Several authors [20] [21] [22] [23] [24] have proposed such an approached based on combined BAO and BBN data.
In the ΛCDM framework, BAO data provide confidence limits in the three-dimensional parameter space (Ω m , H 0 , ω b ). BAO data alone do not provide accurate constraints on H 0 after marginalizing over (Ω m , ω b ). To obtain such constraints, an independent measurement of ω b is needed. While this could be done by using the Planck predictions for ω b , the results would not be independent of CMB data. Instead, we can use measurements of the primordial deuterium abundance, which, combined with standard BBN assumptions, provide a robust measurement of ω b . Blomqvist et al. [23] and Cuceu et al. [24] showed that joint BAO+deuterium data lead to narrow contours in the (H 0 , Ω m ) plane, and to interesting marginalized bounds on H 0 alone. This new result is not just driven by the idea to combine BAO and BBN data, but also by the role of recent BAO measurements inferred from Lyman-α data in the Data Release 14 (DR14) of the eBOSS survey [23, 25] . Previous data releases showed a tension between the BAO scale inferred from the BOSS galaxy survey and Lyman-α survey. However, in DR14, better control over systematics has reduced the tension between these surveys [23, 25] , such that combining all BAO measurements makes sense statistically, as recently pointed out by Cuceu et al. [24] . The overlap between the BAO-galaxy + BBN and the BAO-Lyman-α + BBN preferred regions is small, and favors low values of H 0 in better agreement with Planck than with SH0ES [24] .
The combined BAO+BBN probe is particularly interesting because it is only sensitive to the evolution of background quantities. Indeed, primordial element abundances, cosmological distances, and the BAO scale 1 only depend on the assumed background cosmology. Many models that have been proposed to solve the H 0 and σ 8 tensions differ from each other at the level of cosmological perturbations, but are degenerate at the background level. Indeed, the background history is independent of several ingredients in these models, like e.g. scattering or self-interactions in the sector of neutrinos, Dark Matter, Dark Radiation, or Dark Energy. It only probes the homogeneous density of these new species, captured by N eff for any relativistic relics, ω cdm for cold dark matter, and a combination of the two for hot or warm dark matter. Hence, the BAO+BBN probe yields constraints applying to many extended models at once.
The H 0 − N eff degeneracy. Many of the extended models attempting to solve the Hubble tension feature additional relativistic relics, at least until the time of radiation/matter equality, and thus an enhanced value of N eff . Indeed, increasing N eff is a rather generic way to reduce the tension between CMB and SH0ES measurements. The reason is simply that the CMB is extremely sensitive to ratios between background densities: the ratio of radiation to matter, or that of matter to Λ. Increasing H 0 means increasing the critical density today, and thus the density of matter and Λ. This can be done with a fixed matter-to-Λ ratio. The radiation-to-matter ratio can also be kept fixed if N eff increases together with H 0 . This leads to the famous H 0 − N eff degeneracy [26] [27] [28] . Nevertheless, this degeneracy is broken by CMB data, which are sensitive to other consequences of this transformation (like extra Silk damping, or an increased CMB peak shift due to "neutrino drag" [26] [27] [28] ). The art of solving the Hubble tension consists in introducing new ingredients in the cosmological model -usually at the level of perturbations -that will counteract these other consequences. Only then, both H 0 and N eff can be increased significantly without deforming the CMB and matter power spectra too much. This is how self-interactions or scattering processes in the sector of neutrinos, Dark Matter, Dark Radiation, or Dark Energy are called to the rescue. Note that there exist other categories of model aimed at solving the Hubble tension with very different ingredients and no enhancement of N eff (see e.g. [19] and references therein).
Goal. Here we study to which extent the BAO+BBN probe constrains the H 0 − N eff degeneracy at the level of background cosmology. Addressing this point is especially interesting since the BAO+BBN bounds will apply to several models mentioned previously, which are degenerate with the ΛCDM+N eff model at the background level. The goal of our analysis is not trivial because varying N eff has several consequences for the quantities probed by BAO+BBN data. First, N eff affects the predictions of BBN, such as the primordial deuterium and helium abundance. Thus, we will use joint deuterium and helium measurements to constrain simultaneously ω b and N eff , still independently of any CMB data. Second, N eff affects the redshift of equality between matter and radiation and thus the sound horizon. These two effects are intricate, and a dedicated analysis is needed to check whether floating N eff may reduce the tension between the value of H 0 inferred from the BAO+BBN probe and from SH0ES.
In section 2 we will introduce our BAO and BBN data sets, as well as the direct H 0 measurements and CMB data that we use for comparison. In the results section 3, we will first attempt to confirm the results of Cuceu et al. [24] assuming a minimal ΛCDM cosmology. However, we will use both primordial deuterium and helium measurements, and we will rely on an improved treatment of primordial abundances -in particular, a well-motivated theoretical error on BBN predictions. Then we will extend our analysis to the case of a free N eff in subsection 3.2. Our conclusions are presented in section 4. [35] predictions. class computes r s , D A , H, and D V with high accuracy. The relative difference between these numbers computed either by camb [36] or class is at most of the order of 10 −5 , while the most precise measurement (angular BAO scales in SDSS DR12) have a ∼ 1% error. At this level of accuracy, modeling the measurement of the BAO scale as a measurement of the sound horizon is an excellent approximation, even when one varies N eff and the associated "neutrino drag" effect (see Appendix A for more details).
Measurement

BBN
We implemented the BBN likelihoods in MontePython which share exactly the same assumptions as in the BBN section of the Planck 2018 cosmological parameter paper [1] . BBN data consist of measurements of the primordial abundances of helium, Y P , and deuterium, y DP = 10 5 n D /n H . For each of them we use a Gaussian likelihood:
where Y stands for either Y P or y DP , Y obs and σ obs are the measured value and measurement error, Y th (ω b , N eff ) is the theoretical prediction based on a BBN code, and σ th is the theoretical error propagating all uncertainties on assumptions done in the code, like the neutron lifetime, nuclear reaction rates, etc.
We use the latest deuterium measurement of Cooke et al. [37] , y DP = 2.527 ± 0.030 (68%C.L.). For helium, our baseline is the latest helium data compilation of Aver et al. [38] , Y P = 0.2449 ± 0.0040 (68%C.L.), but we also check the impact of using other estimates by Peimbert et al. [39] and Izotov et al. [40] .
For theoretical predictions, our baseline likelihood uses the code PArthENoPE 2.0 [41] with an estimate of nuclear rate d(p, γ) 3 He derived from the observations of Adelberger et al. [42] . Instead of running PArthENoPE on-the-fly during each MontePyhton run, we produced some interpolation tables in advance for the helium and deuterium abundance as a function of (ω b , N eff ), which are stored within the likelihood. Following the authors of PArthENoPE, for helium we assume a theoretical error σ th = 3.0 × 10 −4 (arising mainly from the uncertainty on the neutron lifetime), while for deuterium we take σ th = 0.060 (arising from uncertainties on several nuclear rates). We call this baseline BBN model "PArthENoPEstandard".
To assess the robustness of our results we will also employ two other BBN models. The second one, called "PArthENoPE-Marcucci", also relies on PArthENoPE 2.0, but takes the nuclear rate d(p, γ) 3 He from the ab initio calculation of Marcucci et al. [43] , and consistently reduces the theoretical error on deuterium to σ th = 0.030. The third one, called "PRIMAT", uses the BBN code of Pitrou et al. [44] , in which the nuclear rate d(p, γ) 3 He takes into account both laboratory experiments and ab initio calculations. In this case, following the authors of PRIMAT, we reduce the theoretical error on deuterium to σ th = 0.032.
Our BBN treatment improves over previous studies of combined BAO+BBN data [23, 24] , where a Gaussian prior on ω b based on the deuterium measurement of Cooke et al. [37] was used. Indeed, assuming N eff = 3.046, Cooke et al. converted their deuterium data point into estimates of ω b using the BBN code of Nollett et al. [45] , which has not been updated as recently as PArthENoPE or PRIMAT, especially as far as deuterium fusion rates are concerned. In addition, the estimate of ω b in [37] assumes no theoretical error on deuterium predictions. Thus, our pipeline provides more up-to-date and conservative constraints on ω b (and also N eff ). Figure 1 illustrates the constraining power of our baseline BBN likelihood.
Comparative measurements
We will compare our BAO+BBN results with two completely independent data sets.
The first one is the direct H 0 measurement recently inferred from supernovae calibrated on Cepheids by the SH0ES collaboration, who obtained H 0 = 74.03 ± 1.42 km s −1 Mpc −1 (68%C.L.) [2] . Since the purpose of this work is to discuss the H 0 tension, we base our comparisons on the highest measured value of H 0 : recent data from the Carnegie-Chicago [4] or H0LiCOW [3] collaborations are compatible with smaller values of H 0 .
The second one is CMB data from the Planck 2018 release, including high-TTTEEE and low-temperature and polarization data. The Planck contours presented in this work are taken directly from the chains available on the Planck Legacy Archive 4 . Figure 1 : Primordial abundances Y P (colored) and y DP (grey) as a function of (ω b , ∆N eff ) with the PArthENoPE-standard BBN model, with superimposed measurements of Aver et al. [38] for Y P (blue) and Cooke et al. [37] for y DP (black). We can see that a ∆N eff = N eff − 3.046 around zero is preferred, and deviations from it are mostly constrained by the Y P measurement.
Results
We ran class+MontePython in adaptive Metropolis-Hastings mode [34] to derive constraints on cosmological parameters from the BAO+BBN probe, first for the minimal ΛCDM model (section 3.1), and then for the ΛCDM+N eff model (section 3.2). All of our runs reached a Gelmann-Rubin convergence criterion of |R − 1| < 10 −4 .
ΛCDM model
For the minimal ΛCDM model, we adopt flat priors on the three parameters (Ω m , H 0 , ω b ). The other ΛCDM parameters are not probed by BAO+BBN experiments and are thus kept fixed. As in the Planck baseline model, we assume one massive neutrino species with m = 0.06 eV, and two massless ones.
In order to test our pipeline, we first run with the same assumptions as Cuceu et al. [24] : we replace our full BBN likelihoods with a Gaussian prior on ω b taken from Cooke et al. [37] (for the case with a theoretical determination of the nuclear rate d(p, γ) 3 He). The only remaining difference with reference [24] is the calculation of the comoving sound horizon: our BAO likelihood uses the value calculated by class instead of an analytic approximation. Nevertheless, our results agree very well with [24] (and also [23] ), with a final prediction of H 0 = 67.5 ± 1.1 km/s/Mpc (68%C.L.) for the combined data set, in 3.6σ tension with the SH0ES measurement. We then switch to our own assumptions described in section 2: we use the full BAO data described in table 1 plus our BBN likelihoods for both deuterium and helium, with the baseline combination (PArthENoPE-standard and helium data from Aver et al. [38] ). Our results are shown in figure 2. We first run the two BAO data subsets individually, to illustrate their different degeneracy directions, and then their combination to show the full constraining power. With the full BAO+BBN data we obtain the marginalized bounds H 0 = 68.3 +1.1 −1.2 km/s/Mpc (68%C.L.), at 3.2σ tension with the SH0ES collaboration measurement, but within 0.7σ of the Planck 2018 measurement (H 0 = 67.3±0.6 km/s/Mpc, 68%C.L.). Our results are slightly less in tension with SH0ES than those of [23, 24] because we use a realistic theoretical error on deuterium abundance predictions. We still reach the same qualitative conclusion as these references: in the ΛCDM framework, BAO data are in tension with direct measurement of the Hubble parameter, even when taking a conservative prior on ω b independent of any CMB data.
We performed additional runs to test the influence of different BBN modeling and helium measurements on this result. Our findings are shown in figure 3 . The left panel shows the impact of switching between the three pipelines PArthENoPE-standard, PArthENoPE-Marcucci and PRIMAT. Essentially, this amounts in taking different assumptions on the most important nuclear rates. Cuceu et al. [24] , performed a similar test and found that their results for H 0 vary by 0.45σ depending on such assumptions. In our case the variations remains within less than 0.1σ because in each case the theoretical error already takes into account the uncertainties on these rates. The right panel shows the impact of taking the experimental helium abundance measurement from the three different references listed in section 2. This has a totally negligible impact because ω b depends on deuterium much more than helium measurements. In conclusion, we find that our results are robust and hardly affected by the most controversial aspects of BBN physics.
ΛCDM + N eff model
We now allow N eff to vary in order to check whether the BAO+BBN dataset is compatible with larger values of H 0 . Different physical effects are now at play. BAO data probe the ratio of the comoving sound horizon over several types of comoving cosmological distances. For instance, in a flat universe, the BAO angular scale reads:
where the baryon-photon sound speed c s depends on the baryon density and on redshift. For a fixed ω b , the numerator (related to the sound horizon) depends on the redshift of equality between radiation and matter (i.e. on Ω m /Ω r ), while the denominator (related to the angular diameter distance) depends on the redshift of equality between matter and Λ (i.e. on Ω m ). It is possible to increase N eff and H 0 simultaneously while keeping these two redshifts (and both Ω m , Ω r ) fixed: thus we expect BAO data to be compatible with arbitrary values of H 0 when N eff fluctuates. However, the degeneracy between N eff and H 0 is limited by BBN data in two main ways. on (N eff , H 0 ) when using only the combination of BAO+deuterium data: we checked that BAO+deuterium are easily compatible with values of H 0 even much larger than the SH0ES results, together with a very large N eff .
Second, the combination of deuterium and helium abundances excludes values of N eff very different from three. As such, we expect the combined BAO+deuterium+helium data to provide tight bounds on N eff , and thus on H 0 . In this case, the final bounds for H 0 will be dominated by uncertainties on the primordial helium abundance. The role of BAO data is to provide a constraint that allows to translate helium bounds on N eff into H 0 bounds. Of course, the bounds on the Hubble parameter obtained in this way assume that the value of N eff is the same at BBN time (relevant for helium bounds) and CMB times (relevant for the sound horizon). Models in which extra radiation is created only after BBN (like the sterile neutrino model of [12] or the Dark Matter converting into Dark Radiation model of [16] ) naturally evade combined BAO+deuterium+helium bounds on H 0 , and can potentially accommodate arbitrary large H 0 values as long as they also agree with CMB and LSS data.
We display our results in figure 4 . With our full BAO+BBN data set we measure H 0 = 67.7 +2.0 −2.2 km/s/Mpc (68%C.L.), which is indeed a wider range than with N eff = 3.046. It still agrees perfectly with the Planck 2018 measurement H 0 = 66.4 ± 1.4 km/s/Mpc (at the 0.5σlevel). The tension with the SH0ES measurement is reduced, but does not disappear: it only decreases from the 3.2σ to the 2.6σ level. This result can be attributed to the fact that BBN data alone provide sharp constraints on N eff . Again, we test the influence of different assumptions on BBN or helium abundances. The left panel of figure 5 shows that the dependence of our results on the three BBN pipelines PArthENoPE-standard, PArthENoPE-Marcucci, and PRIMAT is as small as in the previous case, again because our theoretical error absorbs the impact of different assumptions on nuclear rates. However, the influence of different helium measurements is now very large. Indeed, the helium measurement directly gives a range of allowed N eff values. The estimates of Aver et al. [38] and Peimbert et al. [39] are close to each other, but Izotov et al. [40] find a significantly higher helium abundance, Y P = 0.2551 ± 0.0022 (68%C.L.), yielding higher values of N eff and thus of H 0 . If that measurement turned out to be the most accurate, BAO+BBN would predict H 0 = 72.2 +1.6 −1.7 km/s/Mpc, well compatible with the SH0ES data at the 0.8σ level.
However, the predictions of Izotov et al. [40] should be considered with care because they stand far from most previous estimates. The new observations reported in [40] are actually included in the compilation of Aver et al. [38] that we use as a baseline, but the latter authors processed these observations with different assumptions concerning the modeling of several systematic effects, which bring the final result for Y P in closer agreement with previous estimates.
Discussion
References [20] [21] [22] [23] [24] have shown that the combination of BAO and BBN measurements can probe the background history of the universe, and provide a measurement of H 0 independent of CMB and supernovae. In this paper we have extended these BAO+BBN analyses in several ways.
First, we have used measurements of both primordial deuterium and helium, employed state-of-the-art BBN codes, and taken into account well-motivated theoretical errors on BBN predictions. With such assumptions, we have been able to confirm the most recent results of references [23, 24] , which include new BAO measurement inferred from Lyman-α data in eBOSS DR14; however, we obtain slightly looser bounds on H 0 . We have shown that in the standard ΛCDM cosmology, when combining all BAO data in conjunction with BBN, one finds H 0 = 68.3 +1.1 −1.2 km/s/Mpc (68%C.L.), which is in 3.2σ tension with the SH0ES collaboration measurement, but in very good agreement with the Planck measurement. We remark again that this measurement is independent of CMB data.
Second, we have extended the analysis to the ΛCDM+N eff model, to see whether the combined BAO+BBN measurements can probe the H 0 − N eff degeneracy. When we assume the most conservative and widely accepted estimate of the primordial helium abundance compiled by Aver et al. [38] , we find H 0 = 67.7 +2.0 −2.2 km/s/Mpc (68%C.L.). Despite the larger uncertainty, the tension with the SH0ES value is only reduced to 2.6σ. We thus find that an enhanced N eff is not sufficient to accommodate such a large H 0 as 74 km/s/Mpc (68%C.L.). We find that this conclusion is independent of several possible assumptions on nuclear rates, that mainly affect the relation between ω b and the deuterium abundance. On the other hand, it does depend significantly on the assumed helium abundance.
We see that the BAO+BBN probe is very useful and informative. It is, of course, subject to statistical and systematic errors that can be improved in the future. Our results depend very strongly on the BAO measurements derived from Lyman-α data, for which the systematic effects require further investigation. On the BBN side, we believe that the part of our analysis related to the deuterium abundance and its relation to ω b is very robust, since we took into account a conservative theoretical error on deuterium predictions, which propagate uncertainties on the most relevant nuclear rates. We note that the LUNA [46] experiment will soon provide a direct measurement of the d(p, γ) 3 He rate in the energy range relevant for BBN predictions. This will lead to a reduction in the theoretical error, to an increased precision in the predictions for ω b , and to smaller error bars on H 0 from the combined BAO+BBN probe. Finally, in the ΛCDM+N eff model, our result depends substantially on the measured primordial helium abundance. This shows that finding a robust experimental consensus on the primordial helium abundance would indirectly help to understand the Hubble tension. Furthermore, a better measurement of the neutrino lifetime would lead to a smaller theoretical error for helium predictions, and thus a smaller uncertainty for both N eff and H 0 .
A very interesting and powerful aspect of the BAO+BBN probe is the fact that it is only sensitive to the background cosmology. Thus, our conclusions apply to any model that is degenerate with ΛCDM+N eff at the background level. Many models invoked to solve the H 0 and σ 8 tensions involve an enhanced radiation density until the time of photon decoupling, and thus only differ at the perturbation level. Our results show that such models cannot easily solve the H 0 tension at the background level: they can accommodate slightly larger values of H 0 than in the ΛCDM case, but they cannot reach H 0 74 km/s/Mpc without raising a tension with BAO+BBN data. However, our bounds do assume that N eff is the same at BBN and CMB times. Models in which the extra radiation is created after BBN (like e.g. in references [12, 16, 18] ) naturally evade our combined BAO+deuterium+helium bounds.
Finally, we should stress that unlike the BAO+BBN contours, the CMB contours shown in our figures depend on assumptions at the level of cosmological perturbations. Thus, the CMB contours in figure 4 only apply to the plain ΛCDM+N eff model with extra freestreaming species. For more sophisticated models with e.g interactions in the sector of ordinary neutrinos, sterile neutrinos, Dark Matter, or Dark Radiation, or models with early Dark Energy playing the role of extra radiation, the CMB contours would move around. This is actually the reason for which, in principle, one could hope to find models compatible with CMB+LSS data and at the same time with H 0 74 km/s/Mpc, by playing simultaneously with a high N eff and subtle effects at the perturbation level. Our analysis rules out this possibility under the assumptions of a time-independent N eff between BBN and CMB times and of our baseline BAO+BBN data set.
A What do BAO data really measure?
The matter correlation function ζ(r, z) of a given cosmological model is related to its matter power spectrum P m (k, z) by
BAO experiments measure a comoving length r BAO (z), called the BAO scale. It is defined as the scale of the local maximum in ζ(r, z). It is seen either orthogonally to the line of sight, as an angle, or along the line of sight, as a differential distance in redshift space. Since both measurements are independent, they are usually combined with each other. The BAO scale is slightly affected by non-linear evolution at low redshift, which tends to increase it by around 1%.
This effect is taken into account when analyzing BAO data: the non-linear evolution is deconvolved, and the reported bounds apply to the BAO scale predicted by linear theory. In this section we will assume that this removal of non-linear effects is done successfully and without introducing a systematic bias.
The comoving correlation length r BAO (z) is usually taken to be the comoving sound horizon r s (z). Besides, one usually assumes that baryons have instantaneously decoupled at the so-called baryon drag time t D (associated to redshift z D ), such that r s experiences no dynamics after t D and remains equal to r s (z D ). Let us take for simplicity the example of BAO measurements orthogonal to the line of sight. Such observations are sensitive to the angle under which the BAOs are observed,
where r A (z) is the comoving angular distance up to redshift z. Similarly, other BAO observations will generally depend on r s (z D ) and another comoving distance, which we generally denote as r X (z). Their respective ratio is then used to calculate the likelihood.
The comoving sound horizon at baryon drag time is obtained from the simple integral
where τ stands for conformal time, t for proper (cosmological) time, and R = 3ρ b 4ργ is given solely by the CMB temperature today and the baryon density parameter
The identification of the comoving BAO scale with the comoving sound horizon, r BAO (z) = r s (z D ), is a slight oversimplification. In standard cosmology, even if we ignore non-linear effects (or assume that they are well accounted for by the experimental collaborations), the dynamics of the correlation length depends on two types of interactions: the pressure force in the baryon-photon fluid, and gravitational forces. The sound horizon accounts for the first interactions only. Thus, it is usually assumed that the influence of gravity on the correlation length is negligible compared to the one of pressure. However, it is well-known that gravitational interactions between the baryon-photon fluid and other light species shift CMB peaks, and therefore also the BAO scale. This effect is known as the "neutrino drag" effect when caused by ordinary free-streaming neutrinos [26] [27] [28] ; free-streaming particles move at the speed of light c, and "drag" over-densities in the baryon-photon fluid behind them, which move only at the baryon-photon sound speed c s < c. CMB and BAO peaks are then shifted to slightly larger scales, seen under larger angles. In the ΛCDM model, such an effect is caused by the three active neutrinos, still relativistic at the time of CMB decoupling. In extended cosmological models, the effect increases with more free-streaming relics, i.e. with N eff . The impact of extra self-interacting relics is much smaller, since over-densities in such relics also propagate at a sound speed smaller than the speed of light (but still not coinciding with the baryon-photon sound speed at all times). The impact of relics with non-zero mass is also reduced, since their velocity is generally smaller around and after their non-relativistic transition.
As far as we know, experimental collaborations do not rely on the identification r BAO (z) = r s (z D ), because they directly fit the full correlation function ζ(r, z) to their data. Using the ratio r s (z D )/r X (z) as a derived parameter, they provide a central value and an error bar for this quantity. With this approach the effect of neutrino drag in the minimal ΛCDM model is consistently taken into account.
The approximation r BAO (z) = r s (z D ) appears only at the level of BAO likelihoods in sampling codes like MontePython [7, 34] or CosmoMC [47] . In these codes the quantity computed for each model and fitted to the data is r s (z D )/r X (z), not considering the peak in the correlation function. Thus, this approach neglects variations in the amount of gravitational effects, and in particular the impact of extra neutrino drag when N eff is enhanced.
In this appendix we want to prove that this is a valid assumption even in models with an enhanced N eff . We consider two models: the reference model is a minimal ΛCDM model with three massless neutrinos and N eff = 3.046; the extended models has N eff = 4.046 and identical values for all other parameters like {ω b , ω c , H 0 }. For each model we use class [35] to compute the matter power spectrum, the correlation function ζ(r, z), and the scale r BAO of the local maximum at z = 0 (the result is independent of the redshift). class also computes the sound horizon r s (z D ) by integrating equation (A.2). We find that between the reference and extended models, r BAO decreases by 3.319%, while r s (z D ) decreases by 3.227%. The relative difference between these two ratio is only of 0.1%. This is much smaller than errors on BAO measurements, which are of the order of 0.9% in the best case (in the SDSS DR12 data). We conclude that using variations of r s (z D ) as an approximation for variations in r BAO is valid in this example and with the precision of current experiments.
This test allows us to conclude on the validity of the usual approach for all models with enhanced radiation density. For the case of extra free-streaming radiation, we have shown that the approximation holds for variations of the order of |∆N eff | 1, which are the maximum variations allowed by current data. As mentioned before, for extra radiation with non-zero masses or self-interactions, gravitational effects like neutrino drag can only be smaller. As such, it is legitimate to continue using the usual simplified likelihoods in MontePython or CosmoMC.
